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Abstract 

We present and study two families of polynomials with coefficients in the center of the 
universal enveloping algebra. These polynomials are analogues of a determinant and a char- 
acteristic polynomial of a certain non-commutative matrix, labeled by irreducible represen- 
tations of 0l„(C). The matrix is an image of the universal R-matrix of a Yangian of 0[„(C) 
under certain representation. We compute the polynomials explicitly for 012(C) and estab- 
lish connections between the first family of polynomials and higher Capelli identities through 
some sort of plethysm. 

1 Introduction 

Generalizations of Capelli idenities were studied in the series of works by M. Nazarov, A. Okounkov, 

A. Molev, G. Olshanskii, F.Knop, S. Sahi et al [11], [IT], [7], etc.). The identities are 
connected to shifted symmetric polynomials, satisfy some vanishing conditions and produce a 
linear basis of the center of the universal enveloping algebra of a Lie algebra. In , ^Sj these 
Capelli identities were studied through the theory of Yanginas. 

In this paper we introduce two families of central polynomials, which we believe to have 
similar links to the theory of representations of Yangian of 0l^(C). Both series of polynomials 
are parameterized by dominant weights of 0[„(C). 

One of them can be interpreted as a family of determinants of some non-commutative matrix. 
We conjecture that these polynomials have coefficients in the center of the universal enveloping 
algebra and we prove this for representations of 0[2(C). In Section[51we connect "determinants" 
to Capelli identities through some sort of plethysm. 

The second family of central polynomials represents analogues of characteristic polynomials 
of certain non-commutative matrices. Their existence and centrality follows from the works of 

B. Kostant |Sj and M. Gould 0. We do not know yet the interpretation of these polynomials 
in terms of Yangians and relations to Capelli elements. In case of the vector representation, 
"determinant" and "characteristic polynomial" coinside - both can be obtained as an image of 
quantum determinant of the Yangian of b[„(C) under the evaluation map. In Section 0] we study 
the case of g[2(C), which illustrates that in general these polynomials are different. 

Both series of central polynomials are produced by certain matrices with coefficients in the 
universal enveloping algebra. We call these matrices braided Casimir elements. These elements 
appear in different areas of representation theory. For example, in |8j braided Casimir elements 
were used to study tensor products of finite and infinite dimensional representations. In it 
is proved that quantum family algebras, introduced by A. Kirillov in [S], are commutative if and 
only if they are generated by braided Casimir elements. In [S] characteristic polynomials of 
braided Casimir elements were applied to calculate Wigner coefficients. In Section |21 we show 
that braided Casimir elements are images of the universal R-matrix of the Yangian of 5in{C) 
under certain represenations. 
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2 Definitions 

Consider the universal enveloping algebra U (g[„(C)) of the general linear Lie algebra ^[^(C). Let 
Z(gl„(C)) be the center of C/(0l„(C)). Fix the basis {Eij} of 0[„(C), which consists of standard 
unit matrices. We write the Casimir element of C/(0[„(C)) (g) [/(g[„(C)) as 

n= Eij (g> Eji. 

i,j=l, n 

The element in the tensor square of C/(gl„(C)) is closely related to the central element t G 
Z{q[^{C)) defined hy t = ^EijEji (here we mean multiplication in the universal enveloping 
algebra). Namely, let 5 be the standard coproduct on C/(g[„(C)), defined on the elements of 
gl„(C) as 5{x) = x®l + l®x. Then 

= i {8{t) - 1 0t - t ® 1) . 

Let A = (Ai, . . . , A„) with Aj — Aj+i G Z+, for i = 1, . . . , n — 1, be a dominant weight of 
gl„(C). Denote by ttx be the corresponding irreducible rational g[„(C)-representation and by V\ 
the space of this representation. We assume that dim V\ = m + \. We construct from a new 
object, an element of C/(0[„(C)) ® End(y\)) which we call braided Casimir element. 

Definition. The braided Casimir element is defined by 

J7a = Eij ® irxiEji). 

i,j=l, n 

We will think of fix as a matrix of size (m + 1) x (m + 1) with coefficients in {7(gl„(C)). 
Hence, braided Casimir element comes from the central element t of the universal enveloping 
algebra. It turns out that i}\ is a source of new central elements. Below we define two families 
of polynomials with coefficients in Z(g[„(C)), associated to Q\. 

The first family of polynomials is provided by the following proposition. 

Let g be a simple Lie algebra with a linear basis {/«}. Let {1°'} be the dual basis with respect 
to Killing form. Consider an element to of U{q) U{q), defined similarly by w = la ^ I'^- 
For any irreducible representation vr of g put = (id (S) tt)(uj). 

Proposition 2.1. There exists a polynomial 

m 
k=0 

with coefficients Zk in the center ofU{Q) such that p-,^{ujTt) = 0. 
The polynomial Pt^{u) can be chosen so that degp-,^{u) = dimir. 

Corollary 2.2. For any dominant weight A o/gl„(C) there exists a polynomial 

m 

Px{u) = Yzku'' 
with coefficients G Z(g[„(C)), such that P\{Q.\) = 0. 
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Proof. Choose a basis in s[„(C) which consists of matrices Eij for i ^ j and Hi = En — 
{i = 1, ...,n — 1). The dual basis consists of matrices 

E*j = Eji and H* = {En + ... + En) - ^{En + ... + Enn). 

The element uj for s[„(C) has the form 

w = ^ Eij (g) Eji + ^Hi(g)H* = Y^ Eij Eji - -(Ai O Ai) = - -(Ai O Ai), 

ijtj i ij 

where Ai = (£^11 + • • • + Enn) is a central element of f7(0[„(C)). Consider a dominant weight A' 
of s[„(C), defined as A' = (Ai — Am, • • • , Am-i — Am, 0). Then 

uJt,^, = \l\ Ai id 

^ n 

with d = Aj, and the polynomial py{u — ^^i) from Proposition 12.11 annihilates D 
We will call Px{u) characteristic polynomial of 0,x- 

Next we define the second family of polynomials Dx(u), which we call shifted determinants. 

Let A be an element oi A<Si End(C™'^^), where ^ is a non-commutative algebra, let V = 
(j^m+i _j_ i)-(iiniensional vector space. We again think of A as a non-commutative 

matrix of size (m -|- 1) x (m -|- 1) with coefficients Aij E A. 

Definition. The (column)-determinant of A is the following element of A: 

det(^)= Yj (-l)''^<x{l)l^<x{2)2-^<x{m+l){m+l)- (2.1) 

Here the sum is taken over all elements a of the symmetric group Sm+i and (—1)'^ is the sign 
of the permutation a. 

Put ^l\{u) = 0,x + u^id. Define L as a diagonal matrix of the size (m + 1) x (m -|- 1) of the 
form: 

L = diag(m,m — 1, . . . , 0). 

Definition. The shifted determinant of ^Ixi^) is the column-determinant det{^}x{u) — L). We 
will use notation Dx{u) for this polynomial with coefficients in {7(0l„(C)): 

Dxiu) = det{nxiu) - L). 

Conjecture 2.3. For any dominant weight A there exists a basis of the vector space Vx such 
that the polynomial Dx{u) has coefficients in the center Z(gl„(C)). 

This is known to be true in the case of vector representation and it is proved below in Section 
|l]for representations of 3[2(C). 

There is another way to define the same determinant. Let ^i, . . . , be a set of matrices 
of size {m + 1) x {m + 1) with coefficients in some associative (non-commutative) algebra A. Let 
H be the multiplication in A. Consider an element A0 End(y) 

A'^iAi® ■ ■ ■ (E) As) = (/i^'*) ® Asyms){Ai • • • ® As), 

where Asynis = ^ '^aeSs^~^^'^'^' Young's construction, the antisymmetrizer can be realized 
as an element of End (y^*). 
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Lemma 2.4. (cf For s = m + 1 = dimV 

A™+i(Ai(»---®A„+i) = a{Ai,...,A^+i)(g)Asymm+i, (2.2) 
where a{Ai, . . . , Am+i) G A, 

a{Ai,. . . ,Am+l) = ^ (-1)'^[^i]<t(1),1 • • • [^m+l](T(m+l),m+l; 

[^fc]i.j ^ matrix elements of A^. 

Proof. Let {ej}, (i = 1, m + 1), be a basis of F. Observe that Asym is a one- 

dimensional projector to 



We apply A™(^i • • • (g) ^m+i) to ei • • • Cm+i 

= ^ {M)h,i---{Am+i)im+um+iAsym(^^^i){ei^®---(^ei^^^). 



-^m ) 



«1 v«fc 

The vector Asyra{rn+X) {^ii ® • • • ® ^im+i) oiily if indices {ii, . . . , im+i} are pairwise 
distinct. In this case denote by a be a permutation defined by cr(A;) = i^. Then 

Asym(^rn+i) (cii » • • • ® ei„_^J = {-l^v, 

and (|2.3|1 gives 

A"^(^i ® • • • (g) (ei (g) • • • e„+i) = a{Ai, Am+i) v 

(ei • • • 

□ 

Remark. Note that 

a (A, . . . , ^) = det(yl), 
a {^\{u - m), . . . , r^Al^i)) = Dx{u). 

3 Yangian of 0t„(C) and Casimir element 

In this section we would like to recall the case of vector representation and its connection to 
Yangians. This example serves as an inspiration for the rest of the project. Let us recall some 
definitions (Hj, [12]). 

Definition. The Yangian Y{n) for ^[^(C) is a unital associative algebra over C with countably 
many generators = 1) 2, 1 < ^, j < Jt- and the defining relations 



where r,s = 0, 1, 2... and t^*^^ = 6ij. 



[j-lf-^J-; AS)] _ tArj ,(.s+ih _ AT-j AS) _ AS) A 
rij ' ''kl \ rij ^^kl \ — ^kj ''il ^kj ^il 
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The same set of defining relations can be combined into one equation, sometimes called RTT 
relation. Namely, denote by T(n) = j=i the matrix with coefficients tij{u) which a 

formal power series of generators of Y{n) : 

oo ^(fc) 
k=l 

For P = ^ij ® -^ii' the permutation matrix of C" fS> C", define the Yang matrix 

P 

R(u) = 1 . 

u 

R{u) is a rational function with values in EndC" fS> EndC". 

We introduce some standard notations. For any vector space V and any clement S of EndF 
we define an element Sk of EndF®"* by 

5fc = l®^*^-^) (g)S'(g)l®('"-'=). 

In particular, we write 

Tk{u) = ^ i^ijh e Y{n) ® End(C")^"^. 

Let S be an element of EndF (g) EndF. Using the abbreviated notation S = 5(1) C5 S{2), we 
define an element Sij of End(C")®"' by 

Sij = ® 5(1) ^ l®0'-^-i) 5(2) i®("^-^'-^). 

Definition. The Yangian Y{n) of 0(„(C) is an associative unital algebra over C with the set of 
generators {t\j^} which satisfy the equation 

R{u - v)Ti{u)T2{v) = T2{v)Ti{u)R{u - v). 

(This is an equation in Y{n) ® End (C")®^). 

Yangian Y{n) is an example of infinite-dimensional quantum group. It has a remarkable 
group-like central clement, which is called quantum determinant of Y(n). 

Definition. Quantum determinant qdetr(u) is a formal series with coefficients in Y{n) defined 
by 

qdetr(u) = (-l)''ii^(i)(u -n + 1). (u) . 

creSn 

Let y be a 0[„(C)-module. The action tt of fl[„(C) on V can be extended to the action of the 
Yangian Y{n). Usually it is done by the means of evaluation map which is a homomorphism of 
algebras ev : Y{n) C/(g[„(C)). By definition, 

■' * u 

It is clear that 

evT{u) = 1 + , 

u 
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where T is for the matrix transposition. Along with (ev) we will consider another homomorphism 
ev : y(n) — > [/(gl„(C)), which is defined by 



u) = oi , ev • Tiu) = 1 . 



In Section we discuss these two maps in more details. 
One can see that 



ev(qdetT(n)) 



u{u — l)...(n — n + 1) ' 

where Dxq{u) is the "shifted" determinant for the vector representation Aq = (1,0, 0) : 



^Ao (.u) = det 



/Ell +u-n+l E21 

E12 E22 + u-n + 2 



\ 



E- 



In 



E. 



2n 



En,2 
■■ En,n + uj 



Proposition 3.1. (\14\ EB'J -^Ao(^) a polynomial with coefficients in the center ofU{Ql{n)). 

Moreover, for vector representation 

- the shifted determinant provides the characteristic polynomial of the corresponding braided 
Casimir element . 

As we will see in Section lU these two polynomials do not coincide in general. 



4 Case of gl^iC) 

Here we prove the centrality of polynomials D\ (u) and compare D\ (u) and P\ (u) for irreducible 
representations of 012(C). The center Z(gl2(C)) of the universal enveloping algebra L''(gl2(C)) is 
generated by two elements: 



Ai = Ell + E. 



22, 



A2 — (-E11 — 1)-E'22 — E12E21. 



Let A = (Ai > A2) be a dominant weight. Put m = Ai — A2, d = \i + A2. Then dimVx = m + 1 
and Vtx is a " tridiagonal" matrix: all entries [r^Alij of the matrix Vtx are zeros except 

[^\]k,k = {\i-k + l)Eii + {\2 + k- 1)^22, A: = 1, . . . , m + 1, 
[^x]k,k+i = {m + l-k)E2i, /c = 1, . . . , m, 
[^^A]fc+i,fe = ^^12, A: = l, ...,m. 

Proposition 4.1. a) Polynomial Dx{u) is central. 

h) Let fj, = (ni > ^2) be another dominant weight o/g[„(C). The image of D\{u) under 
Harish - Chandra isomorphism x is the following function of fi: 



X 



{Dx{u)) = J](n + (Ai - k)fii + (A2 + k)f,2 - k). 



(4.1) 



fc=0 



6 



Proof, a) Let X = X{a, b, c) be a matrix of size (m + 1) x (m + 1) of the form 



(dm 







... 





o\ 


Cm 


'^m— 1 


^m— 1 


... 

















... C2 


ai 


&1 


Vo 








... 


Cl 





where ai,bj,Ck are elements of some (noncommutative) algebra. Define detX as in Section [21 
Using the principle fe-minors of X, the determinant of X can be computed by recursion formula. 
Denote by the matrix obtained from X by deleting the first (m — A; + 1) rows and the first 
(m — k + 1) columns, and by I^'^^ the determinant of Xf^. Then detX = /{™+^)^ and we have 
the following recursion: 

Lemma 4.2. The determinants satisfy the recursion realtion 

-Cfc6fc/('=-i), (fe = 2,...,n-l) (4.2) 
with initial conditions I^^^ = oq, Z'-^'' = aiOo — Ci6i. 

Lemma 4.3. If X{a,b,c) is a tri-diagonal matrix with coefficients {ai,bj,Ck} and X{a' ,b' ,c') 
is another tri-diagonal matrix with coefficients {a[,b'j,c'j^} with the property 



Cj bj 



4 ^'j 



for all i = 0, ...,n j = 1, n, then detX{a, b, c) = detX(a' , b', a'). 
Proof. Follows from the recursion relation. 



□ 



We apply these observations to compute the determinant of the matrix X{a, b, c) = ^}x{u) — L 
with parameters 



m. 



{Xi + k- m)Eii + {X2 + m- k)E22 + u-k, k = 0, 

Ck = {m - k + 1) Ei2, bk = kE2i, k = 1, . . . , m. 

The following obvious lemma allows to reduce the determinant of non-commutative matrix 
{^Ixiu) — L) to a determinant of a matrix with commutative coefficients. 

Lemma 4.4. The subalgebra o/C/(gl2(C)) generated by {En, E22, {E12 E21)} is commutative. 

E22, 0, = £'12-^21- Due to Lemma l4.(-il the tridiagonal matrix X(a' ,b' ,c') with 



Put h = Ell 
coefficients 

a'k = 



ak 



XiEii + A2-E22 + u-m + {k-m){h-l) 



b'u = ka, 



c'j^ = {m - k + 1), 



k 
k 



m, 



has the same determinant as {Qx{u) — L). By Lemma 14.41 X{a' ,b' ,c') has commutative coeffi- 
cients. Hence det {Q,x{u) — L) equals det {XiEii + X2E22 + u — m + Am) where Am is the following 



matrix: 



1 



Ar 





vo 

with h and a as above. 



ma 
-ih-l) 








(m — l)a 









{l-m){h 
m 








-m{h-l)) 
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Lemma 4.5. 



Proo/. By Lemma Oldet = {h - l)"'+'^det A'^ with 



/ ms 
l(s-l) -1 (m-l)s 



AL 





V 








\ 



1 — m s 

m{s — 1) —mj 



and s is such that s(s — 1) = a/(/i — 1)^. This reduces to 



1 ± VI + 4a/(/i - 1)2 
^ = 2 • 

The determinant of A'^ is a variant of Sylvester determinant [£], ^HI)- It equals 

m 

det = JJ((m - 2A;)s -m + k). 

With s as in (|4.3() we have: 



(4.3) 



fc=0 



(/, _ _ 2fc)s -m + k)= ""^^ ± (m ^2fc) ^^^^_^^^^^^^ 

and lemma follows. Note that both values of s give the same value of det Am- 
We obtain from calculations above 

det (OA(tx) - L) = J] ( n + -(^11 + E22) - - + ^ {{En - E22 - if + 4Si2^2i) 

k=0 ^ 



□ 



(4.4) 



Observe that ((^n - £^22 - 1)^ + 4-Ei2£2i) ' = ((Ai - 1)^ - 4A2) ^ , and finally we get 

= fi (« + ^ - f + ((Ai - - . (4^5) 

fc=0 ^ ^ 

The quantity in (|4.5|) has coefficients in WV-extension of Z(0[2(C)), where WV is the translated 
Weyl group. But it is easy to see that after expanding the product, we get a polynomial in u 
with coefficients in Z{g[^{C). We proved the first part of the proposition. 

b) The images of the generators of Z(g[„(C)) under Harish-Chandra homomorphism x are 

x(Ai) = ^1 +/i2, x(A2) = w(m2 - 1). 
This together with (|4.5|) imphes (|4.1j) . □ 
Proposition 4.6. The image of the polynomial Px{u) under Harish-Chandra homomorphism is 



x{P\{u)) = n + ~ + + k)^i2 -k{m + l- k)) 



(4.6) 



fe=0 
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This follows from the formula for characteristic polynomial for u;^, the braided Casimir 
element of sl2(C). It is proved in jI6r . 

Despite the fact that in general D\{u) and P\{u) are different, we believe that still they 
are closely related. We hope to find the source of the link between these two polynomials in 
representation theory of Yangian Y[n). Some steps towards this goal are presented in the next 
section. 

5 Connection with Yangian Y{q{^{'C)) 

As we saw in the Sectional the Casimir element has a natural interpretation as an image of the 
matrix of generators of the Yangian under the map ev. Here we give some similar interpretation 
of the braided Casimir element. Though, in this interpretation the element 0^ arises not as an 
element of C/(0[„(C)) (8> EndVA, but as an element of EndC" End Va- 

Let TZ{u) be the universal R-matrix of the Yangian of s[„(C) (see j2|). It is a formal power 
series in with coefficients in Y{n) ® Y{n). 

Let TT be a gl„(C)-representation in some space V. Using the maps (ev) and (ev) we can 
construct two actions vr and f of Y{n) on V: 

TT ■ y = (vr o ev) • y and vr • y = (vr o ev) • y 

We need both actions to make the correspondence between the images of the universal R-matrix, 
braided Casimir element, and Capelli polynomials. 

Remark. It is well-known that the universal R-matrix satisfies the quantum Yang-Baxter equa- 
tion with spectral parameter: 

V}^{u - v)V}^{u - w)V?^{v -w)= n^^iv - w)TZ^^{u - w)n^^{u - v). (5.1) 

Let TT be some representation of Y{n), extended in some way from the representation vr of 
U{gi^{C)). After the application of vr vr (g) to both sides of (|5.1() we get exactly the RTT- 
relation for the matrix T{u) = (tt id)TZ{u) of elements in Y{n) with the defining R-matrix 
(vf (8> tt)TZ{u). We would like to stay with the tradition and we would like to get in the case 
of vr, extended from the vector representation of gl„(C), the Young R-matrix 1 — P/u and the 
defining relation of Y(n). Observe that for any vf 

(id vf)r(u) = (vf vf)7^(^i). 

But for the vector representation vro of gl„(C) and the matrix T{u) of generators of Y{n) we 
have 

pT p 

(id (g) vro)r(n) = 1 + , (id ® vfo)r(u) = 1 = R{u). 

u u 

Hence, to be consistent in definitions, we have to extend the representations from [/(g[„(C)) to 
Y{n) by the map (ev): 

if = vf, R{u) = /o(n)(vfo (g) vfo)^('"), T{u) = (vfo (g id)n{u), (5.2) 

for some complex- valued rational function fo{u). 
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Proposition 5.1. Let Aq = (1, 0, 0) be the highest weight of the vector representation ttq of 
0l„(C), let A = (Ai > A2 > ... > A„ > 0) be a partition (a dominant weight o/sl„(C)j. Let 
ttq, tta be the representations ofY{n), extended from 0l„(C) by the map (ev). Then 

(tto 7^A)7^(n) = /(n) f 1 - ^ 

where f{u) is some complex-valued rational function of u (which depends on \). 

Proof. In general, this follows from the Corollary 3. 7 in We repeat the steps which would 
lead to the proposition to avoid confusion in notations. Let Vq = be the space of the vector 
representation vro with the highest weight Aq. By the means of the map ev it becomes Y{n)- 
module. Moreover, there exists a family of y(n)-modules {Vb(a)}aGC- The action 7fo(a) of Y{n) 
on Vo(a) is defined as follows: 

^o(a) • T{u) = vro ■ T{u - a), 

where T{u) is the matrix of generators of Y{n). 

For two dominant weights v and A of 5[n(C) put TZu,x{u) = {■ku®T^\)T^{u). By the discussion 
H5.2|) above, the image of the universal R-matrix under the representation ttq®t^q is proportional 
to the Yang R-matrix. It is also well-known that the universal R-matrix satisfies 

{id ® A)(7^(^/)) = 7^l2(n)7^l3('u), (5.3) 

where A is a coproduct in Y{n). Let A be a partition of M and let {ci, . . . , c„} be the set of 
contents of the standard Young tableau of the shape A. Using 1)5. 3|) we can expand the action of 
the universal R-matrix to the y(n)— module W = Vo(0) (8) Vo(ci) ■ ■ ■ ® Vo{cm)-, ^ = 1, ■ • • , ^I- 
This action is 



^ f P 

TTO ® 7ro(ci) ® . . . ^ ^o(cm) 7^(n) = f{u) Hil- ] , (5.4) 

fc=l ^ ^ Cfc, 



with f{u) - some rational complex-valued function of u. Observe that W = (Vb)®^*^"^^-* as 
g[jj(C)-module. Using the Young symmetrizer Fx we construct the element {id F^) of End {W), 
which is a projector from to Vq (8) Vx. We apply this projector to (|5.4|) to obtain 7^Aoa(w). 
By Proposition 2.12 in ^3], the following equality holds: 

n (1 - fr^) ^ Fx) =[^-f: ^) N ^ Fx). (5.5) 
But with the standard coproduct 6 in C/(g[^(C)) we obtain: 

nx = Y, Fij ® 7rx{E,i) = Fij ® S^^^^{E,i) j {id (E)Fx)=i Pw I {id ® Fx), 

ij V ij J \l=l...M, J 



(5.6) 



and we get 



nx,x{u) = f{u) ({id^Fx)-^ 
n 



The operator {id Fx) — ^ acts as 1 — 011 t^is subspace Vq (^iVx C W. □ 
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6 Capelli elements. 

Next we would like to show how Capelli elements fit into this picture and to connect the poly- 
nomial Dx{u) to these elements by some sort of plethysm. Let S = Ylij-^ij ® ^ij- Following 
[T3] . define an element Sx{u) of ?7(g[„(C) (81 EndVx by 

S\iu) = ((5'i2 -u-ci) ... (SiM+i - u-cm)) {id® Fx). 

Then 

c\{u) = tr {Sx{u)) 

is the Capelli polynomial, associated to A. It has coefficients in Z(g[„(C)). The theory of Capelli 
elements is developed in full in the papers, mentioned in the Introduction. Here we would like 
to observe the following facts: 

1) Sx{u) is proportional to (ttq ®t:x)'T^{u) (the first representation is extended by evaluation 
map (ev), and the second one by (ev)). 

2) Let (p : 0l„(C) 0^n(C) be an automorphism, defined by (t){X) = — X^. Put tta* = tta o 0. 
Then 

^-i-) = -Ujtd;:^sxiu). (6.1) 

Indeed, from (|5.6j) and (|5.5|) we get 

A/ / p \ 

^x{u)=uT\(l + ^^] {id®Fx). (6.2) 
Observe that {(f) ® ttx) 0, = id(® {ttx o (p) ^2, so 

nx*{n) = ul\(l-^^] {id® Fx). (6.3) 



k=l 



U + Ck 



and (|6.1|) follows. 

The representation X — > —{■kx*{X))"^, X € 0l„(C) is isomorphic to vr^ (it has the same set 
of weights). Thus we can write in some basis 

^l{u) = -^x*{-u) (6.4) 

Combining ()6.4|) and ()6.2() we prove that the shifted determinant Dx{u) is the trace of the 
composition of two Young symmetrizers, applied to several copies of shifted matrix 5. In other 
words, Dx{u) is a result of some sort of plethysm of (|6.H) . 

Proposition 6.1. Let X h M, dimVx = (m + 1). Then 

M 



Dx{u) =tr[Yl{u-s)ll f Si,M-^>'+i{u + s-m-c,) \ ^ ^^^^^ 

(6.5) 

Proof. Recall from Section |51 that 

a {0.x{u - m), . . . , Qx{u)) = Dx{u). 
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Hence, 

Dx = tr{A"'+\nxiu-m), O^H)) 
= tr (^{{QJ{u - m))i2 ... {ill{u))im+2) Asynim+i^ 
= {-ir+Hr{{{Qx*i-u + m))i2 ■■■ {nx*i-u))im+2) Asynim+i) 



M 



= tr ( JJ(n - s) , — r {Sx{-u + m))i,2 . . . {Sx{-u))im+2)Asymm+i 



□ 



We hope that the plethysm relation (|6.5jl and the connection of traces of ^lx{u) to Capelh 
elements will allow to prove Conjecture 12.31 in general. 
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